Integral representation and bilateral bounding inequalities are obtained for the Mathieu (a, λ)-series S ( , µ, a, λ) .
Introduction and preparation
The series S(r, µ, α, β, a) = ∞ n=1 a β n (a α n + r 2 ) µ ,
called generalized Mathieu series was introduced by Feng Qi in his recent articles for r, µ, α, β, a n > 0. He posed few open problems concerning integral representations of generalized Mathieu series and its consequent bounding inequalities. We point out Open Problem 4.3 of ref. [1] and Open Problem 1 of ref. [2] are the most general ones. Other and related integral representation results are obtained for a similar kind of series by Cerone and Lenard, Guo, Tomovski and Trenčevski as well [3] [4] [5] [6] .
In this article, we consider the series
assuming that the sequences a := {a(n)} n∈N 0 , λ := {λ(n)} n∈N 0 are positive real and the monotonous λ(n) ↑ ∞. 
Integral representation of Mathieu (a, λ)-series
The main result of this article is the integral representation of S( , µ, a, λ) for positive, real r, µ and a, λ defined already. At first, we remark that
It is well known that the Dirichlet series ∞ n=0 a(n)e −λ(n)x possesses a Laplace integral form
where the counting function
Here λ −1 is the inverse of λ, [7, Part C, V.1.1.]. By Euler-McLaurin formula (3), we deduce
Now, by equations (4), (5) and (7), we easily get
This finishes the derivation of integral representation. ( , µ, a, λ) S( , µ, a, λ) In the remaining part of this note our main apparatus will be the previous integral. Since 0 ≤ {u} < 1 by equation (9), we deduce
Bounding inequalities for
Applying these evaluations to equation (9), we deduce the following result.
THEOREM 2 Under the conditions of Theorem 1, there holds the bilateral inequality
Both bounding inequalities are sharp.
Proof It remains only the discussion of sharpness in equation (11). Indeed, equation (11) cannot be refined because in evaluation of Mathieu (a, λ)-series, we apply only 0 ≤ {u} < 1, which is sharp on the whole range of u.
Discussion, special cases, corollaries
(A) Putting a(n) = 2n α/2 , λ(n) = n α , = r 2 and replacing p + 1 instead of µ into equation (2), we get the special case of generalized Mathieu type series, which reads as follows
At the same time, the right hand expression in equation (9) becomes p+2 dt. 
It is not hard to see that the bounds in equation (14) cannot be improved. The approach by Tomovski, who gives bilateral bounds for the generalized Mathieu series S(r, p, α) , was to apply the trapezoidal rule. We use the Euler-McLaurin summation formula and achieve a refinement of his bounds. However, suitable approximations of [t 1/α ] in equation (14) lead to appropriate bounds, which are similar to Tomovski's results, see refs. [5, 6] . (C) The generalized Mathieu series S(r, p, 2) was considered by Cerone and Lenard as well.
They proved that 
proposed as the subject of consideration by Qi, [2, Open Problem 1]. Now, we are ready to give some answers to his questions.
1. Assume a x = a(x) ∈ C 1 [0, ∞), a (x) > 0 and let a −1 be the inverse of a. The integral expression for the series (17) which we deduce from equation (9) is Finally, it has to be mentioned that Feng Qi's Open Problem 1 [2] is not fully covered by these results. Namely, his questions concerned the convergence, the integral representation and bounding inequalities for S(r, p, α, β, a) for positive, but general a, while we consider the case of monotonous a. However, under monotonicity assumptions upon a n , we give exhaustive answers to parts 2 and 3 of Open Problem 1.
